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Abstract 

We count 1 /8-BPS states in type IIB string theory on AdS^ x background which 
carry three independent angular momenta on . These states can be counted by 
considering configurations of multiple dual-giant gravitons up to N in number which 
share at least four supersymmetries. We map this counting problem to that of counting 
the energy eigenstates of a system of N bosons in a 3-dimensional harmonic oscillator. 
We also count 1/8-BPS states with two independent non-zero spins in AdS^ and one 
non-zero angular momentum on by considering configurations of arbitrary number 
of giant gravitons that share at least four supersymmetries. 
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1 Introduction 

In the context of AdS/CFT correspondence it is of interest to count the number of 
BPS states for fixed charges and supersymmetries in both J\f = 4 17 (N) SYM and in type 
IIB string theory on AdS^ x background with applications to black holes in mind. 
The most interesting outstanding problem in this context is to count the microstates of 
the supersymmetric black holes in AdS^. These black holes were first found by Gutowski 
and Reall |2j (and were further generalized in |ni!l|) and when lifted to 10 dimensions 
preserye just 2 supersymmetries j^. This program of counting BPS states on both sides 
of the AdS/CFT correspondence has only been achieyed so far for the simplest case 
of half-BPS states that carry one U{1) R-charge. A generic state in string theory on 
AdS^ X can be specified by giying the quantum numbers {E, Si, S2, Ji, J2, J3) where 
E is the energy in global AdS^, Si and ^2 are the two independent angular momenta 
in AdS^ and {Ji,J2-,Jz) are the three independent R-charges corresponding angular 
momenta in S^ . 

In the case of half-BPS states from the string theory point of yiew one can count 
either the multi-giant grayiton states or multi-dual-giant grayiton states A giant 
grayiton is a half-BPS classical D3-brane configurations wrapping an S^ C S^ and 
rotating along one of the transyerse directions to it within S^ 7^ . A dual-giant grayiton 
is another half-BPS D3-brane configuration that wraps an S^ C AdS^ and rotating along 
a maximal circle of 5"^ |H1 IHl ■ From the point of yiew of giants the stringy exclusion 
principle manifests itself in the fact that the maximum angular momentum that a single 
giant grayiton can carry is N. The same stringy exclusion principle from the point of 
view of dual-giant grayitons is that there is an upper limit on the number of dual-giants 
which is again given by A^. From the perspective of supergravity and probe branes this 
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upper limit on the number of dual-giants has to do with the way the 5-form RR-flux 
decreases inside each dual- giant by one unit (see for instance TUf IH]). To count the 
half-BPS states one can consider an arbitrary number of half-BPS giants, treated as 
bosons, in an A^-level equally spaced spectrum. The same half-BPS state counting can 
be done by counting configurations of multiple dual-giant gravitons, treated as bosons, 
in an infinite equally spaced spectrum with an upper limit on the dual-giants given by 
N. 

Progress in counting BPS states with lower supersymmetry in the SYM has been 
made difficult by the fact that the number of these states is known to jump from zero 
YM coupling to non-zero coupling. In this note we aim to count a subclass of 1/8-BPS 
states in type IIB string theory on AdS^ x geometry that carry three independent 
U{1) R-charges Ji, J2 and J3 and have the energy (conjugate to the global AdS^ time) 
E = Ji + J2 + J3. This subclass of 1/8-BPS states preserve the 50(4) invariance of 
the 5'^ C AdS^. We will do the counting of 1/8-BPS states by considering all possible 
multiple dual-giant graviton configurations which preserve a common set of at least 4 
supersymmetries. Since we are interested in putting together half-BPS dual-giants to 
obtain the 1/8-BPS states the argument that there should be an upper limit on the 
number of dual-giants given by N continues to be valid. 

In |llj Mikhailov described the most general 1/8-BPS giant gravitons as the inter- 
sections of holomorphic complex surfaces in with S^. So for counting the 1/8-BPS 
states one may try to quantize these giant graviton configurations and count them. We 
have been informed that this has been recently achieved by Biswas, Gaiotto, Lahiri and 
Minwalla [Ej. Our results agree with theirs. The agreement for 1/8-BPS states suggests 
that both Mikhailov's giants and our dual-giants present dual descriptions of the same 
set of states like in the half-BPS case. 

We also consider 1/8-BPS states which carry non-zero (5i,52, Ji) and have E = 
Si + S2 + Ji- This time we consider multiple giant-graviton configurations which have 
angular momenta in AdS^ part as well that share at least 4 supersymmetries. 

The rest of this note is organized as follows. In section 2 we construct a class of 
dual- giant solutions which share at least 4 supersymmetries. We show that this class 
of solutions is the full set of 1/2-BPS dual-giants that share a given 4 supersymmetries 
with the rest in their class. We find the solution space and a sympletic form on this 
space and quantize it. In section 3 we give the partition function of the 1/8-BPS states 
with {Ji, J2-, J'i) charges. In section 4 we consider the problem of counting 1/8-BPS 
states with (S'1,5'2, Ji) charges. In section 5 we conclude with a summary and some 
remarks. 

2 1/8-BPS dual-giant configurations 

In this section we will find the most general dual-giant configurations which preserve 
a given 4 supersymmetries in AdS^ x S^. As mentioned in the introduction we put 
half-BPS dual-giants together to make the lower supersymmetric configurations. A 
given half-BPS dual-giant has momentum along one of the maximal circles of S"^. A 
general dual-giant configuration contains dual-giants rotating along different maximal 
circles. There is no a priori guarantee that such a generic configuration preserves any 
supersymmetries. Below we will look for a class of single dual-giant solutions which 
shares at least 4 supersymmetries with the first one. 
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2.1 The dual-giant solutions 

We regard as a submanifold in with coordinates 

as ZiZi = P and (/ii, /i2, /U3) = (sin a, cos a sin/3, cos a cos /?): 



ds'^lgb = [da^ + cos^ + fifdS^f) = dzidzi 



(1) 
(2) 



The vielbeins are 



rde, 



= rui d(f>i, = ru2 d(f>2, = I da, = I cos a d(3, 
e'^ = lfiidCi, e^ = ln2dC2, e'^ = / /^s d^s . (3) 

where vi = cos6, V2 = sinS, V{r) = 1 + r'^/P. The five form RR field strength is 

= _1 [gO a a a a + a a a a e^] . (4) 
The 4-form potential can be written as 

(jW ^^4 p^ggi sin e d{t /I) A de A d(j)i A d(j)2 + l'^ cos'^ a sin/3 cos/Jd/^Ad^i Ad^ Ad^s- (5) 
The general embedding of a D3-brane wrapped on the G AdS^ is given by 



t = ao = T, r = r(r), 6* = ai, = fT2, 02 = 0-3, 
a = a(T), (3 = /3(r), 6 = Ciir), 6 = ^(r), 6 = 



(6) 



The pull-back of C^^^ onto the world-volume is ci%j^a2CT3 
and WZ lagrangian density is 

o r A 1 /2 

£ = - 7— ^TTrr'' COS CTi sm ai A ' 



l-^r'^ cose sin 6*. The DBI 



where 



A = V{r) 



f (d2 + cos^ a0' + iii a + ^ii + t^i ) 



2 t2 



.2 t2 



.2 t2\ 



y(r) 



(7) 



(8) 



We can integrate over the angles ai to get Action = J dtL where the effective point- 
particle Lagrangian L is 



L 



N o 

dai da2 da^ C = --jj''' 



aV2 _ !_ 



(9) 



The conjugate variables of the classical mechanics model are 

Nr^r 



Pr 



Z4l/(r)AV2 
N ii 



p 



Nr^ a Nr^ cos^ a $ 

Pp = 



Z2A1/2' 



/2 Al/2 



(10) 



12^1/2 ' «2 /2/S^l/2 ' « p^i/2 

By looking at the equations of motion of the lagrangian in @ it is easy to see that 
setting 

solves them. 



« = /3 = o, 1^11 = 161 = 161 = 1// 



(11) 
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2.2 Kappa projections 

In this subsection we will show that the solutions in (jllj) are all supersymmetric. We will 
see that depending on the signs of there are 8 disjoint sets of these supersymmetric 
dual- giant solutions which do not share any common supersymmetries. Different dual- 
giant solutions corresponding to different values of r, a, /3 and ^^(t = 0) but with fixed 
signs for preserve at least 4 common supersymmetries of the background AdS^ x 
geometry. 

To write down the kappa projection equation for the probe D3-brane we need the 
world- volume gamma matrices, which are 

3 

r 



7r = V^/^ (r) To + ^^^^ Ti + / (d Ts + cos a /? Tg + ^ 

^ ' i=l 



lax = rT2, 7cr2 = T coscTiTs, 7,^3 = r sin cji r4 (12) 



where Ta are the 10-dimensional tangent space gamma matrices satisfying {ra,rb} = 
2r]ab- The world- volume gamma matrices of (jl2p satisfy {7m) 7n} = '^Qmn- The kappa 
projection matrix is: 

r — i ^mnpq 

— Jmnpg 



4!V-det g„ 



A-i/2 



^ ' 1=1 



234 



(13) 



where A is defined as before. With this the kappa projection on the Killing spinor e of 
the background AdS^ x geometry is 

re = ie. (14) 

The chirality convention for e is 

ro---r9e = -e. (15) 
The Killing spinor equations of AdS^ x are: 

The solution of these equations can be written as: 

e = £^"^57 g|/3r67 glCiTsr g|52r68 gfC3r97 

smh-i(f)ri7g^tro7g59ri2 gi^iiria gi</.2r24 g^ = (17) 

where 7 = r'^^'^'^^ and 7 = r^^^^^. The full kappa projection equation is then reads 



3 

(^) To - i r234 + yiL^) Ti + / (d Ts + cos Q /? Te + ^ /^i Te+i) 



Meo = 
(18) 
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We now show that the solutions in 1)11(1 are super symmetric. Let us first choose the 
signs of ^j's to be the same and positive. On the solution the kappa projection equation 
becomes 

V^'^{ro) To - iyr234 + ^1 Tt + ^Ji2 + Ai3 Tg] Meg = (19) 

where rg is the value of r in the solutions. Some useful intermediate steps in this 
calculation in simplifying this equation are: 



roM = 


M 


T2M = 


M 


T^M = 


M 


T^M = 


M 







07 



COS 



le"'^i^«ri + sin6'e-'^2r24p \ 



07 



yi/2g-ifro7 ( COS 0e-'^2r24r2 - sine e-'^i^i^Fi 



yl/2 g-</,iri 



r 

e ro7r^^ - f COS Fi + sin 6* e-(<^ir"+02r24)r2 ) r 



yi/2 g-02r24 e-if ro7r4 - ij (cos 9 e-{'^iri3+</'2r24)r^ + gin Tz] 



'ri27 
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M 



cos a cos /3e e *^^^^^r7 — z cos a sin /3 e ^^'"^''e ^^'"''^FstT' — i sin a r577 



r«M 



M 



COS a cos /? e' 



-«?3r97g-C2r6 



Tg — i COS a sin/3r687 — i sina e ''*e ^^537 



M 



cos a COS /? Tg - i cos a sin /? e-^^^^^^e-^^res p^^;^ - i sin q e''^'''^-''' e'^^'^^'^T^^^ 
Let us also register the following identity: 

r234M 

yi/2g-i|ro7 (cos e-'^i^"p^ + sin 06-^2^24 ro7 + «yro (20) 



M 
-M 



yi/2g-ifro7 ('cos0e-'^i^«r234 - sin0e-*2r24r^3^') _ i--Ti2Ml 



so that we have 



yi/2ro _ i^r234 



(21) 



e = Mroeo. , , 

Using these identities eq.p9() can be rewritten as 

M [lo - /i2 e-«i^5^-«2r««7(r67 + r58) + in l^s e-^^^^^ e-*«^^«^(r7 - «r597) 

+^2 ^3 e-*«^^«^ e-«2 (Lg - i Leg 7) - H (m? r57 + ^uf Lgs) + /^^ Lg] eo = 0. (22) 
This equation can be solved by imposing the following projections on eg 

(r67 + r58)eo = 0, (r7 - zr5g7)eo = 0, (Ls - ir6g7)eo = 0, 

(Fo - ir577)eo = 0, (rg + ir57 7)eo = 0. (23) 

It is easy to see that out of these the independent projections are (as the second and 
the fourth projections are equivalent and so are third and fifth) 



(ro - ir577)eo = 0, (Lq - iTQ8j)eo = 0, (Lq + rg)eo = 0. 



(24) 



By considering the special cases of setting two of to zero and finding the kappa 
projections one recognizes these three projection conditions as the ones for half-BPS 
dual-giants which rotate in zi, 22, 23 planes respectively. One can further see that 
different signs for result in similar equations with different relative signs in eqs.(| 
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corresponding to reversing the direction of motion of some of the three half-BPS dual 
giants in their respective planes. That is, for the solution with 

= (Ai,A2,A3), Xi = ±l (25) 

we have 

(Fo - i Ai r577)eo = 0, (Fq - i A2 r687)eo = 0, (Fq + A3 r9)eo = 0. (26) 

Thus we have seen that the solutions in with all signs of being positive preserve at 
least 4 super symmetries consistent with the projections in (|24|) for any arbitrary values 
of a, P and r. However one should note that for fixed values of a, (3 and r the projection 
equation (|22)) can give 16 supersymmetries. This can be seen by redefining the tangent 
space F-matrices appropriately. 

In the next subsection we will prove the converse, namely that these are all the 
dual-giant solutions which preserve at least these 4 given supersymmetries. 

2.3 Necessity of the conditions ( 1111 ) 

In this subsection, unlike the previous one, we will not assume the solutions (lllj) to 
begin with. We will rather show that these solutions (with signs H25|) ) follow uniquely if 
we demand the kappa projections (fTl|) . (fT3|) on the 1/8-th supersymmetric subspace of 
spinors e defined by H17() . (|26|) . This will therefore show that those solutions are the full 
set of solutions consistent with the specified set of 4 supersymmetries. 

To begin, we rewrite the supersymmetry projections (we will assume all Aj's to 
be +1, the generalization to arbitrary signs being straightforward) 

(To - iTsTT) eo = 0, (Tq - iTesT) eo = 0, (Tq + Tg) eo = 0. (27) 

We can use these to simplify the full expression p7() of the Killing spinor on AdS^ x 
to 

e = xe^^™''~^(T)ri7g|(f+6+6+?3)ro7g|fri2 gi(/.iri3 gi02r24 

e3"r5 7e5/5r67gg = (28) 

To simplify the kappa projection equations (|18|) we will need 

TiM = Me"*T^n'^[cos6'e"'^i'^i3r^ + sin6'e-'^2r24r2], 

TgM = M[cos/3r5 + i sin/3r56 7] 

FqM = M [cos aFg — i sin a cos /3r567 + sina sin/JTs], 

F7 M = M [^3 F7 - z Tejj-i m F57 7] 

Fs M = M [^3 Fs - i H2 Fes 7 - ^ A^i ^58 7] 

Fg M = M [^3 Fg - z fj,2 Fgg 7 - i /ii Fsg 7] (29) 

along with Fq M and F234 M relations from the earlier section. Since we want to demand 
the projections in (|27j) to be valid at every point of the world-volume of the D3-brane 
and so for convenience we can set r = and cJi = (T2 = 0. Then the first three terms in 
Eq. (|18j) can be simplified to 

[V'/'To + - iA'/^r234]M = M[{V - yAi/2)Fo + 1^ + iroilV'^\j - A^^^)] 

(30) 
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The last five terms in ea. ()18() can be simplified to 

3 

[a Fs + cos Q /? Fg + /ii ii Fe+j] M = M [(cos Pa + sin a cos a sin /? /3) F5 

i=l 

+Tq cos^ a /3 + i F56 7 (sin Pa — sin a cos a cos P $) + i F59 7 ^ui /X2 (^1 — ^3) 

-i F58 7 /ii/U2 (6 - 6) - « Teg 7 (6 - 6) - ^ /^i 6 r577 - ^ 6 Tes 7 + /^i 6 Tg^Sl) 

Thus the full kappa projection equation 1)18^ is a linear combination of various products 
of 10-dimensional 7-matrices for the tangent space acting on a constant spinor eo which 
is arbitrary but for the projection equations H27() . Recall that a linearly independent 
basis of these 32 x 32 matrices is given by F^n. -'s. Since eo is arbitrary only upto the 
projections in ea. H27() we have to use them to eliminate operators which kill eo and then 
put the coefficients of the remaining independent Tmn - to zero. Doing this we see that 
/3 = as the coefficient of Fg (which does not appear anywhere else) , which then implies 
d = 0. Next notice that F58, F59 and Fgg would not occur anywhere else and so we 
have to set ^^i = ^2 = ^3 = "^Z^- Note that these are not absolute values - unlike in 
the analysis of equations of motion. Since r appears with Fi and Fi does not occur 
anywhere else r = 0. The coefficient of F017 has to be set to zero too and this implies 
uj = ±1. Finally using the projection equations H27() we can convert F577, F68 7 and Fg 
into Fo. Using the relations so far and then setting the coefficient of Fo to zero requires 
uj = 1. That completes the proof that the set of solutions we found is complete. 



2.4 Reduced phase space 

The supersymmetry constraints (|27j) translate to the following in terms of the canonical 
momenta (see (^nj) 

% - A = 0, Pi, - f^l = 0, Pa - ]J /"i = (32) 

Thus, the original 12-dimensional phase space is reduced to a six-dimensional one. We 
will see below that the reduced phase space can be described entirely by the coordinates 
r, a, /3, ^1, ^2; ?3 or by the complex coordinates (jHl]) . The symplectic structure on the 
reduced phase space can be derived by the following Dirac brackets: 

UuQj}DB = Ui^1j}pB - UiJa}pB {fh,<lj]pB 

Mab = {faJb}pB (33) 

where qi refers to one of the six coordinates a, /3, ^1, ^2, and fa refers to one of the 
six constraints (|32|) . 

The calculation of the Dirac brackets on the supersymmetric subspace is a straight- 
forward generalization of the half-BPS giant |13j and dual-giant IjA^, gravitons. To 
proceed with the calculations, let us define the complex coordinates 

Ci = rie*^% (ri,r2,r3) = r(sina,cosasin/?, cosqcos/?) = r{fii, fi2, fJ-s), (34) 

In terms of the coordinates and their conjugate momenta, the constraints become 

N n 

fi = Pr, = 0, f3+^ = P^^ - j^rf = 0, i = 1, 2, 3 (35) 
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The non-zero elements of the matrix M^b are given by 



if- h.} -h --rA -—r-6- 



Thus, for example, 



{6,/4}j 



\DB— X^^-^JispB 2Nri 
The Dirac brackets are summarized by 



{/i>n}pij 



2Nri 



I' 



(36) 



(37) 



Symplectic structure : The conclusion of this subsection is that the reduced phase space 
is simply C'^ with the symplectic form 



N 



(38) 



2.5 Hamiltonian and charges 



Since translations along are symmetries of the D3-brane action the momenta P^. are 
conserved charges. The canonical hamiltonian, with = Pp = Pr = 0, becomes 












]4\ 





3 p2 



1^ 



(39) 



After putting the remaining three constraints from H32|) it reduces to 



H 



^0C. = y(P6+^6+^6) 



(40) 



which is simply the Hamiltonian of a 3-dimensional simple harmonic oscillator. 

As expected, the BPS constraint equations automatically satisfy the equations of 
motion. The solutions to and (jlU)) are 



r{t) = ro. 



(41) 



for k = 1, 2 and 3. The motion is obviously periodic with period At = 27rL Thus 
we have a 6-dimensional space of solutions parametrized by: {lJ.^^\ S,^\''^o)- It is well- 
known that the space of solutions of a dynamical system (modulo time-evolution) can 
be identified with its phase space. Folowing Section 12.41 this six-dimensional space of 
solutions, viewed as a symplectic space, is C'^. We will show in the next subsection that 
the motion in (second line of ()41() ) are all in maximal circles in which are related 
to the one in zi-plane by U{3) rotations. 
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2.6 Interpretation of the solutions as maximal circles 



Let us now try to understand the full solution set of dual-giants which preserve at 
least 4 common super symmetries. A maximal circle on can be parametrized by 8 
parameters. To see this note that every maximal circle can be obtained by intersecting 
with an 

passing through the origin in in which is embedded. The space of 
these planes has a dimension of so^)x^o(2) 'which is 8. Let us consider a subspace of 
maximal circles parametrized as z{0) = {zi{d), Z2{6), Z3{d)) = e^^z, 9 G (0, 27r] where Zi 
are complex coordinates in in which we embed the by + + |z3p = t^. 
Any such circle can be obtained by a U{2>) rotation (defined upto a U{2)) on a reference 
circle, for example, 

z{d) = Ue'\l,Q,Q), (42) 

where we can take U to be 

e*^^sina — e*^^cosa 

U= \ e*^2 cos a sin /? e*?^ gin a sin /? -e^^^cos/? \v. (43) 
e'^^ cos a cos [3 e*^^ sin a cos [3 — e*^^ sin (3 

Here V £ U{2) is an arbitrary matrix that leaves the column vector (1,0,0) invariant. 
Therefore the space of these circles can be identified with yiW\- This space has five real 
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dimensions and gives the parameterization of the unit vector z. We can choose the 
representation for Zj. The time-dependence of a half-BPS dual-giant on the circle 
(|42)) is given by putting 9 = t/l. Hence after the C/(3)-rotation (|43j) . the motion on the 
generic maximal circle coincides with the generic S'^-motion of 1/8-BPS dual-giants (see 
second line of (|41j) ). We conclude that every dual-giant (of a given size rg) in the full 
set of 1/8-BPS dual-giant solutions is simply related to every other by a U{2>) rotation. 



3 Counting BPS states with ( Ji, J27 ^3 
3.1 |-BPS states 

We found in Section [TH that classically the reduced single-particle phase space is sim- 
ply C^, with the symplectic form (|38|) and a 3-dimensional simple harmonic oscillator 
Hamiltonian, (|4UI) . 

Since the semiclassical quantization of a simple harmonic oscillator is exact, quantum 
mechanically the single-particle Hilbert space is given by 3-dimensional simple harmonic 
oscillator eigenstates, viz. 

|ni,n2,n3) = J] (^4) 



i=l,2,3 

The hamiltonian and the charges are given by 



Pir = Ji = Ui, i = 1,2,3 

IH = m + n2 + ns (45) 



Here the classical phase space variables Q , Q are quantized as (// v N) Q — > , {l/v N) (j 
at. The operator ordering of the charges has been obtained by generalizing from the 
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half-BPS case jl5j : in the Hamiltonian we have dropped the zero point energy which is 
not important for our purposes. We note that the conserved momenta (P^j , P^j, P^g) by 
construction correspond to the three angular momenta {Ji, J2-, Jz) of 50(6). In what 
follows we will use the notation Jj in stead of . 

As we have argued earlier, putting any number of particles in this reduced Hilbert 
space is consistent with 1/8 super symmetry. Since they are BPS objects (with respect 
to each other) the total energy is given by the sum of the individual energies (like in the 
case of half-BPS states). Further we can have more than one dual-giants with exactly 
the same quantum number and so they can be treated as bosonic objects. Since each 
dual giant being an inside AdS^ acts as a domain wall and therefore considerations 
of ^10.. ^ apply. This restricts the maximum number of dual- giants to N . The total 
angular momenta should also be given by the sum of those for the individual dual-giants: 

N 

Ji = Y^ jf'^ for i = 1, 2, 3. (46) 

k=l 

From (|45() it is easy to see that the partition function for the dual-giant graviton system, 
consistent with 1/8 supersymmetries, is given by that for N bosons in a 3-dimensional 
simple harmonic oscillator. Here we can identify these bosons with dual-giant gravitons. 
By including the Jj = state we may simply count all states with a total of N bosons 
with some of them sitting at the zero energy state. This takes care of the configurations 
with less than N dual-giants. The grand canonical partition function is, therefore, 

oo oo oo 
rai=0 n2=0 n3=0 

The chemical potentials qi = e~^^ are conjugate to the charges Jj and the 'fugacity' 
C = is conjugate to number N of dual-giants: 

oo 

2{C,qi,q2,q3) = ^ C^^iv(9i, 92, gs) (48) 
Af=0 

with 

oo 

ZN{qi,q2,q3)= ^ ^n{Ji, J2, h)qi' q't qi' ■ (49) 

Jl,J2,J3=0 

Some special configurations however have enhanced supersymmetries to either 1/4 or 
half-BPS states and so we may choose to subtract them out. For this a useful way to 
think about this counting is the following. A generic state can be specified by N identical 
bosonic particles sitting on the 3-dimensional lattice with each lattice point coordinates 
ni,n2,n3 which take integer values. The half-BPS states again are the configurations of 
points on this 3-dimensional lattice where all N points fall on a single line going through 
the origin. The 1/4-BPS states are those for which all points fall on a single 2-plane 
going through the origin again. We will discuss counting of 1/4-BPS states separately 
in the next subsection. 

3.2 ^-BPS states 

As stated above, dual-giant configurations for which all A^ dual-giants have the same 
specific Q and {3 preserve 1/4 of the supersymmetries (eight supersymmetries). In terms 
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of the bosons on a 3-dimensional lattice these are the configurations for which all bosons 
lie on the same 2-plane passing through the origin. The choice of which eight supersym- 
metries we want to preserve fixes the values of a and fi (and therefore fixes a plane in 
the 3-d lattice). For the purpose of counting, we may choose this plane to be the = 
plane (/? = 7r/2), which in turn fixes P^g = 0. Classically, 

= sin a, = ^2 (^0) 

Repeating the same steps as in Section [2. 41 we can now find a four-dimensional phase 
space with the symplectic structure of C^, expressed by the following Dirac brackets 

{6,r2sin2a}^^ = — , {^2, cos^ a}^^ = — . (51) 

As before, for a fixed a they preserve 16 supersymmetries. But if we put together dual- 
giants with various values of a that configuration preserves only 8 supersymmetries. 

Quantization proceeds in a manner similar to the 1/8-BPS case. The conserved 
momenta [P^^ , -Pgj) identified as the quantized angular momenta (Ji, J2). Counting 
the 1/4-BPS states goes as follows. To make a 1/4-BPS state we need to have at least 
two dual-giants in that configuration with different values of a. The specific values of 
Q should be such that we get integer values for Ji and J2. The other constraint is that 
one can have a total of no more than dual-giant gravitons. 

So the 1/4-BPS states can be counted by considering the number of ways, Qn{Ji, J2)i 
in which one can distribute identical bosons on a 2-dimensional lattice of integers 
(ni,n2), such that the sum of their individual ni's is Ji and the sum of the individual 
n2's is J2. A partition function which generates this number is 

00 00 
2iC,qi,q2) = n (l-Cgr'/2')~' = E^^(9i'92)C^ (52) 

ni,n2=l N=0 

The above counting includes states which preserve at least 1/4 of the supersymetries. 
To exclude the special states which preserve 1/2 of the supersymmetries one needs to 
exclude configurations in which all particles lie on a straight line passing through the 
origin. Each line passing through the origin in a 2-dimensional lattice can be uniquely 
specified by a pair of relatively prime integers, say (ni,n2) = {r,s). This line (r, s) 
corresponds to the points (^1,71-2) = k{r,s), k = 1,...,cxd. Combining the contribution 
of all such lines, the part of (|52|) which corresponds to 1/2-BPS states, is given by 

<2Ups(^i>«2)= n Ur^-^. (53) 

r,s>0 k = l ~ \qil2) 
gcd{r, s) — 1 
{r,s)7^{0,0) 

So to eliminate the contribution from the states with enhanced supersymmetries one 
should simply subtract (|53|) from Z^r (51,52) defined in (|52j) . 

3.3 Comparison with gauge theory answers 

Single trace 1/4-BPS operators of AA = 4 SYM with SU{N) gauge group have been 
constructed in the literature ^lElE]- These states belong to the \p,q,p] represen- 
tation of 5^7(4) which has (Ji, J2) = {p + q,p)- More generally, an index for AA = 4 
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Yang-Mills theories has recently been calculated ^H] (see also (201) which counts 1/8-, 
1/4- and 1/2-BPS states of the kind we discussed above. Our results (|47|) and (|52|) 
agree with their result. In case of the 1/8-BPS states, the dual-giant graviton states 
we constructed above are to be identified with gauge-invariant operators which do not 
involve the fermionic fields. 



4 1/8-BPS states with (^i, ^2, Ji 

In this section we consider a different problem, namely that of configurations of mul- 
tiple giant gravitons which carry non-zero (5i,S'2, Ji) charges and preserve at least 4 
supersymmetries. Similar configurations have been considered in the literature before 
in [21\ \2'2\ . We work in the coordinates that we used in the earlier sections and consider 
configurations of D3-branes of the type: 

t = T, ,r = r{T), 9 = e{T), 4,1 = (/)i{t), (^'2 = 02(t), 

a = a(r), /3 = ai, ^i=^i(r), 6 = 0-2, 6 = 0-3 (54) 

The pull-back of the RR 4- form is c|ct\ 0-20-3 = — cos^ a sincri cos 0-2. Then the D3- 
brane Lagrangian becomes 



L 



N cos^ a 



I 

where 



A'^/'^ - I cos ail] (55) 



^2 

A = V{r) - - + ^;os2 ^ ^2 ^ g-^2 q ^2^ _ ^2(^2 ^ g.j^2 ^ ^2) ^5g) 

Notice the change of sign for the Chern-Simons term. The reason for this is we have 
chosen here an anti-D3-brane rather than a D3-brane so as to find a solution with 
positive sign of 6- It is easy to see that the following configurations satisfy the equations 
of motion 

a = r = e = 0, \<p,\ = \^^\ = = l/l (57) 

In fact these configurations saturate a Bogomolny bound and the Hamiltonian reads 
(for positive values of / 01, / ^2) 

H = j{P^,+P^,+P^,) (58) 

where 

P^, = N cos^ a, P^^ = {r'^/f) P^, cos^ 6, P^^ = (r'^/f) P^^ sin^ 9. (59) 

We will show in the next subsection that the configurations (|57() share at least 4 super- 
symmetries for arbitrary values of r, 6 and a. In terms of the canonical variables, the 
supersymmetry conditions (|57() imply the following constraints 

^2 

P^ = 0, P0 = 0, Pa = 0, P^^--tN cos^ a cos^ 6* = 0, 



Z2 

) 

P^2--j2^ cos^ a sin^ 9 = 0, P^^ - N cos^ a = 0. (60) 



r2 
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As for the case of the dual giant gravitons earher, we can define 



(ri,r2,r3) = (r cos a cos9,r cos a sm6,l cosq) 

and 

Ci = r cos a cos 9 e**^^ , C2 = r cos a sin 6 e^'^^ , Cs = ^ cos a e* 

Because of the six constraints (|6n|l the 12-dimensional phase space of the d, Q and their 
conjugate momenta gets reduced to a six-dimensional phase space. The problem of 
finding the Dirac brackets in the reduced phase space is similar to the previous case and 
we get 

P 

which gives the same symplectic form, Eq. (jSHj), as before. 

The main difference of this solution space from the earlier one is that ICsl < ^- So 
the phase space is really x D with the symplectic form (|c{8|) inherited from C^. Note 
that the boundary is a null curve of the symplectic form which is as it should be. 

In terms of the new variables, (|59|) reads 



and the Hamiltonian written in these coordinates becomes 



Eqs. (|61jl imply that the system is again a 3-dimensional simple harmonic oscillator 

(the implication of bounded |(^3| for quantization will be discussed shortly). 

4.1 Supersymmetries of spinning giants 

The world-volume gamma matrices are 

7^ = 1/V2 + -L^ Yi + r0T2 + r{(j)i T3 cos + sin 0) + / (d + sin a 6 Ty) , 
-far = I COS a Te, 7^,2 =11^2^2 Ts, 7^73 = Z /^s 6 Tg- (64) 
The kappa projection equations for an anti-D3-brane are 

[y^''^^0 + ^Ti+reT2 + r{^i Fg cose + ,^2r4 sine) 

+ / (d Ts + sin a ii T^) - i A^/^ rgggle = (65) 

On the solutions r = 0, 6 = 0, a = 0, (pi = (j)2 = = l/l this reduces to 

[V^/^ ^0 + 7 (^3 + T4 sine) + T7 sin a - iT^sg cos a] e = 0. (66) 
To simplify this equation we use the following identity 

(sin uTt — i cos a resg)^^ = —i M T^yj (67) 
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Then the kiUing spinor equation can be rewritten as 

M[V To + y^^/^ COS e e""^! ri3-if Fo 7(^3 + i 7) 

2 

g r24-»|ro 7(^4 + i ro2 7) - (cos^ e ri3 + sin^ e T2a)i 

2 

-i ^ cos ^ sin 6 (r23 + Tu) 7 e""^^ ^""'^^ - i V^j 7] eg = 0. (68) 

Since we are interested in having configurations of multiple giant gravitons with gener- 
ically different values of (r, 9, a) we may impose the projections 

(Fo - iri37) eo = 0, (Fq - i r247) = 0, (Fq - z Tsy 7) eo = 0. (69) 

with which the killing spinor equation is satisfied. So the solutions we have found share 
at least 4 super symmetries. 

Using methods similar to the ones used in section (2.3) one may show that the full 
set of solutions given the projections in (|69]) is the one considered above. 

Further one can interpret the solutions as all those obtained by C/(l,2) rotations 
acting on the homomorphic coordinates ($0) ^i-, ^2) of C^'^ (in which AdS^ is embedded 
as — l^'oP + + l*^*2p = —l"^) on the original half-BPS giant graviton. 

4.2 Quantization 

The phase space is x D where D represents the Disc iCsl < 1. 

The D part of the phase space (with the symplectic form and the Hamiltonian) is 
identical to that of the half-BPS giant gravitons ^H]- The semiclassical quantization 
corresponds to a fuzzy disc and the exact single-particle quantum mechanics is described 
by Hi^N which is an N-dimensional Hilbert space consisting of the first N levels of an 
simple harmonic oscillator |15j . 

H^'^ = Span{|n),n = 1,2,...,A^} (70) 

We have omitted the n = state from the spectrum of giant gravitons since the minimum 
angular momentum of a half-BPS giant graviton is unity. The single-particle quantum 
mechanics corresponding to is given by the states of a 2D simple harmonic oscillator 
of arbitrarily high quantum numbers: 

TL' = Span{|/, m) ,l,m = 0, 1, 00} (71) 

The full single-particle Hilbert space of the giant gravitons is given by Tli = H}'^ x Ti' . 

The three angular momenta H59() are identified now as the three charges (6*1, 5*2, Ji) 
where the first two correspond to angular momenta in AdSs and Ji correspond to angular 
momentum in S^. 

00 N ^ CO 

Z{qi,q2,q3)= U U , _ ,1 ,m ,n = E ^N{S^,S,,J,)q',^q|^qi^ (72) 
l,m=On=l ^ ^1^2 ^3 5i,52,Ji=0 

Similar to the situation in the 1/8-BPS states with (Ji, J2, J3) one has configurations in 
this partition function which have more than 4 supersymmetries. For example whenever 
there is just one giant-graviton making up a state, since it can be obtained by an isometry 
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of AdS^ acting on the standard half-BPS giant graviton it is expected to preserve 16 
supercharges |22j (see also [23 )■ Further whenever all the giants in a given state have 
the same value of r that state is expected to preserve 8 supercharges. Again if one 
wishes one can systematically exclude the contribution of these states from (|72j) to get 
the degeneracies of exactly 1/8 or 1/4 supersymmetric states. 



In this paper we considered the counting problem of quantum states in the type IIB 
string theory on AdS^ x background that preserve at least 4 supercharges (1/8-BPS). 
Two types of states have been considered: 

• those with non-zero (Ji, J2, J3) with E = J1 + J2 + J3 where E is their energy conju- 
gate to the time coordinate in global coordinates and Jj are the three independent 
angular momenta on S^, 

• those with non-zero (5i,52, Ji) with E = Si + S2 + Ji where Si are the two 
independent angular momenta on 5^ C AdS^. 

For the first set we considered A^-particle states of dual-giant gravitons rotating along 
arbitrary maximal circles of S^ that share at-least four supersymmetries. The result can 
be expressed quite simply in terms of the degeneracy of states of an A^-boson system in 
a three-dimensional harmonic oscillator potential. 

For the second set of 1/8-BPS states we considered configurations containing an 
arbitrary numbers of giant gravitons having angular momenta in the AdS^ directions 
which share at least 4 supersymmetries. The result for the counting problem for this 
set of states can again be mapped onto that of a 3-dimensional harmonic oscillator, but 
this time with an arbitrary number of bosons representing the giant gravitons and with 
one of the three quantum numbers of the 3-dimensional harmonic oscillator bounded 
above by A^. 

The first type of 1/8-BPS states can also be given by the classification of giant gravi- 
tons of (llj|. Recently ^21 have counted these 1/8-th BPS giant graviton configurations 
by quantizing Mikhailov's solutions. The counting problem in terms of giant gravitons 
appears to be significantly more complicated since the giant gravitons wrap different 
3-surfaces within the S^ which can have complicated intersections and quantization in- 
volves quantizing the space of these 3-surfaces. The dual giant gravitons, however, have 
a much simpler description since their world-volume, at any given time, is a three-sphere 
of a given size inside AdS^ and their motion is that of point particles on the S^ . Remark- 
ably, both these descriptions give the same counting of 1/8-th BPS states. This points 
to some duality between the giant graviton and the dual giant graviton descriptions. 

It is pertinent to recall at this point [HI El that in case of half-BPS states there is 
an explicit duality between giant graviton states and dual giant graviton states. If we 
specify a multi- giant graviton state by (7'i,r2, • • • ,r7v) where rj denotes the number of 
giant gravitons with angular momentum Ji = i and a multi-dual-giant graviton state 
by (si,S2,--- ,sn) where Sj is the angular momentum of the i*'^ (counting from the 
dual-giant with largest Ji) then the duality map is given by 



5 Conclusions 




(73) 



k=i 
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Thus, the number of dual-giants becomes the number of single-particle energy levels for 
giants. Also, the occupied energy levels (si) of dual-giants get related (f7H|) to occupation 
numbers (r^) of individual levels in the giant graviton system. It will be very interesting 
to explore if this type of a duality exists for the 1/8-BPS states with ( Ji, J2, J3) quantum 
numbers considered here and in |111 112j . Further in the half-BPS sector the duality 
between giants and dual-giants follows form a unified description of the system |23[ I24j 
in terms of fermions in a harmonic oscillator potential. It will be interesting to see if 
such a unified picture can be given for lower supersymmetric cases too. It is possible that 
such a description arises in the solution of matrix models proposed in ^25i to capture 
the physics of 1/8-BPS states. 

Similar to the description of giant gravitons in [llj one can describe a dual-giant 
graviton as a three surface obtained by intersection of $0 = y^n*^ and Zi = Z2 = 
Z3 = with X and -|^>oP + + |$2p = -l'^ and Yli=i = evolving in 
time as $0 ~^ $0^*^ and Z\ Z\e^T- where (<I>o, 'I'l, ^2) are holomorphic coordinates 
on C^'^ and (Zi, Z2, Z3) are holomorphic coordinates on C'^ and v^g''^ Ci''^ are arbitrary 
complex numbers. This can be generalized to 'wobbling dual-giants' j^H] 

5(cDo,<I>i,«>2) = 0, Zi = cf\ Z2 = Z3 = (74) 

with the time evolution <I>j — > $i e* i" and Z\ Zi e* . These states carry non-zero 
('S'l, 5*2, Ji) generically and can be shown to preserve at least 1/8 of the super symmetries 
of the background |2H]. One should be able to quantize the space of these 'wobbling dual- 
giants' and count the 1/8-BPS states using the methods of T?. It will be interesting to 
see if there exists a duality between our giant-graviton configurations and these wobbling 
dual-giants our counting results gives a prediction for the dual-giant counting. 

In both types of 1/8-BPS states we considered here they preserve SO (4) symmetry 
(coming from isometrics of C AdS^ for the states with (Ji, J2, J3) charges and from 

C for those with {81,82, Ji) charges). So different giants in a given state form 
concentric three-spheres and never intersect (and whenever they do they actually coin- 
cide). Usually D-branes which intersect are expected to split and rejoin and therefore 
the degeneracies of such states can change. But in our case since they do not intersect 
we suggest that their degeneracies should not receive any quantum corrections. It will 
be interesting to see if one can give a description of the full set of 1/8-BPS states with 
given charges in our language by turning on some bosonic or fermionic zero modes on 
the world- volume of the probe branes that break the 5*0(4) invariance but not super- 
symmetry. 

It is of interest to find an exact orthonormal basis of states in the dual AA = 4 [/ (A) 
SYM for the 1/8-BPS states considered here. For half-BPS states an orthonormal basis 
of operators in SYM was provided in |^. See [22] for some comments on the dual 
operators for the states with non-zero (S'l, 82, Ji)- 
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